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Abstract. Let {X, d) be a Cat(fc) space and P a bounded subset of X. If fc > 
then it is required that the diameter of P be less than . Let m : P M be a 
bounded non-negative function from P to M. The existence of a unique point in X 
called the barycenter of P relative to u is established. When u=l, the barycenter is 
simply the circumcenter of P. The barycenter has a number of properties including 
a scaling, continuity and limit property. Under suitable conditions, the barycenter 
is a fixed point of an isometry or group of isometrics. Barycenters are used to show 
that a complete Cat(fc) space X is an absolute retract if fc ^ 0, and an absolute 
neighborhood retract if X is complete and of curvature < k. 



1. Introduction. 

Given a bounded set P in W^, the classical Jung Theorem [T3j states that there is 
a unique smallest closed ball B{qi,ri) containing P, where 

I Tl 

radius{B) ^ y 2( — _|_ ^^ diameter{P) . 

Furthermore, equality holds if and only if P, the closure of P, contains a regular n- 
simplex with diameter equal to the diameter of P. The uniqueness statement above 
can be formulated as follows. There exists a unique qi in M" and ri in M such that 
ri = sup{(i(gi,p) \ p E P} = inf sup{(i(x, p) | p G P}. 

X 

The point qi is called the circumcenter of P and the number ri is called the circum- 
radius of P. 

Let u : P —>■ he a. bounded non-negative function from P to M. The function u 
is not required to be continuous. We prove that there exists a unique qu in MJ^ and 
in M such that 

Vu = sup{u{p)d{qu, p) I p G P} = inf sup{u{p)d{x,p) \ p G P}. 

X 

The point g„ is called the barycenter of P relative to u and is called the baryradius 
of P relative to u. It will be shown that d{qi, qu) ^ ri. 
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Jung's Theorem has been extended to the Cat (A;) setting by Lang and Schroeder 
[H], and it is in this setting that the concept of the barycenter and baryradius are 
developed. When u = 1, the barycenter and baryradius are simply the circumcenter 
and circumradius of P. The barycenter has a number of properties which include 
scaling, continuity and limit properties. Under suitable conditions, the barycenter is 
a fixed point of an isometry or group of isometrics. 

Convex sums in linear spaces, when combined with partitons of unity, are an 
important tool in constructing the extension of continuous functions ([8j, P. 163-164). 
We show that the barycenter (of finite sets) plays an analogous role in the Cat(/c) 
setting. In particular we show that Cat{k) spaces, k < 0, are absolute retracts, 
Cat(fc) spaces, k > 0, are absolute neighborhood retracts, and spaces of curvature 
less than or equal to k are absolute neighborhood retracts. For X a Cat(O) space, we 
state a result similar to Michael's Selection Theorem and, given a group of isometrics 
r with bounded orbits, we show that a bounded function u : X ^ K. that is positive 
valued and uniformly continuous induces a continuous function on the orbit space 

r/x. 

2. Definitions and Basic Results. 

The spaces that we consider had their origin in the work of A. D. Alexandrov [T], 
in which he extended the fundamental concept of curvature in Riemannian manifolds 
to a subclass of geodesic metric spaces called Cat(fc) spaces. In this paper all Cat(/c) 
spaces are assumed to be complete. This he accomplished by comparing triangles 
in geodesic metric spaces to triangles in a specific class of Riemannian manifolds of 
constant curvature, one with curvature k for each real number k. The expression 
Cat(A;) was given by Gromov [10] in recognition of the fundamental work done in 
this subject by Alexandrov, E. Cartan, and A. Toponogov. 

The recent book by Martin R. Bridson and Andre Haefiiger [3] is a fundamental 
source for this subject. It is from their book that we take the basic definitions and 
results pertinent to this paper. 

By a geodesic metric space we mean a metric space {X, d) such that for any two 
points X and y m X there exists a path, a continuous function, a : [0, /] — X from 
the closed interval [0, /] to X such that (j(0) = x, a{l) = y and (i(cr(t), o-{t')) = \t — t'\ 
for t, t' G [0, /]. In particular d{x, y) = I In this paper / is finite. Such a path will be 
called a geodesic segment. 

We introduce three different classes of model spaces upon which the definition 
of a Cat(/c) space is based. For {xi,...,x„} and y = . . . , ?/„} in M", define 
^IeV = J2^=i^iyiy Euclidean scalar product. Set {E^,dE) to be M" with the 
Euclidean norm ||x|| = ^yx\EX and metric dE{x,y) = \\x — y\\. Next let S"" = 
{x G E'^'^^ I ||x|| = 1} with metric ds given by cos{ds{x,y)) = x\Ey- Finally, let 
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X = {xi, . . . ,Xn+i} and {yi, . . . ,yn+i} be in ]R"+^ and let xIhV be the symmetric 
bilinear form given by xIhV = X^iLi •'^iVi ~ ^n+iUn+i- Set iJ" = {x G M."'^^ \ x\hx = 
— 1 and Xn+i > 0}. Then n dimensional hyperbolic space is given by dn) where 
cosh{d\Hix,y))) = xIhV- 

The Model Spaces M^. For k > 0, = with d''s{x,y) = -^ds{x,y), for 

k = 0, Mo" = (E", dE) and for k<0,M^ = (i/", d^) with (/^(x, y) = -^dn^x, y). 

In that which follows, the metric in every metric space will be denoted by the 
expression y). In particular the subscript and superscript notation above will be 
omitted . Following standard notation as found in [3], if > set = vr/v^, the 
diameter of the model space M^. For < the model space has an unbounded 
metric and we set = oo. In a geodesic metric space (X, d), a subset C is convex 
provided that for any two points x and y in C a. geodesic segment joining x to y 
lies completely in C. In the following two propositions we gather some of the basic 
properties of the model spaces. 

Proposition 1. The space MJ! is a geodesic metric space. If k < then MJ! is 
uniquely geodesic and all balls in are convex. If k > then there is a unique 
geodesic segment joining x to y in if and only if d{x,y) < Dk. If k > then 
closed balls in of radius less than -Dfc/2 are convex. 

A geodesic triangle in a geodesic metric space (X, d) consists of three points x, y 
and z, and three geodesic segments xy, yz and xz joining each pair of the three 
points. Recall that the length of xy, for example, equals the distance from x to y. 
Such a triangle will be denoted by A{xy,yz,xz) or more simply, but less precisely, 
by A{x,y,z). Typical points in a model space will be denoted by x,y and z, and 
the corresponding geodesic triangle by A(x, y, z). The law of cosines for each of the 
model spaces follows. 

Proposition 2. Let A be a triangle in M| with sides of length a, b and c, and let a 

be the angle opposite the side of length a. Then 

• for k > 0, cos{\^a) = cos{y/kb) cos(v^c) + sin(v^&) sin(v^c) cos(a), 

• for k = 0, a"^ = b"^ + c"^ — 2bccos{a), and 

• fork < 0, cosh.{\/—ka) = cosh(-\/— /c6) cosh(-\/— A;c)— sinh(-\/— /c6) sinh(-\/— /cc) cos(a). 

While we have defined model spaces in each dimension we will only use those of 
dimension 2 in the definition of Cat(A;) spaces. Let A{x,y,z) be a geodesic triangle 
in a geodesic metric space {X,d). Then a geodesic triangle A{x,y,z) in M| is a 
comparison triangle of A{x,y,z) provided d{x,y) = d{x,y),d{y,z) = d{y,z) and 
d{x,z) = d{x,z). Suppose that x' is an element of xy. Then x' in A{x,y,z) is the 
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comparison point for x' provided that x' is in xy and d[x\ x) = d[x' ^ x\ Comparison 
points for the other sides of the triangle are similarly defined. 

Definition 1. Let {X,d) be a geometric metric space. Then X is a Cat(/c) space 
provided that for every geodesic triangle A(x, y, z) in X with perimeter less than 2Dk, 
there exists a comparison triangle A{x,y,z) in M| such that for any two points x' 
and y' in A{x,y,z) and comparison points x' and y' in A{x,y,z) the inequality 
d{x',y') < d{x',y') is true. This inequality is called the Cat(A;) inequality. 

Riemannian manifolds of bounded sectional curvature are Cat(fc) spaces (|3J,P.173). 
It follows that for each k the model space is a Cat(/c) space. A wide variety of 
spaces are Cat(/c) as illustrated by the following examples ([3], P.167-168). 

Example 1. (1) A normed linear space is a Cat(A;) if and only if it is a pre- 
hilbert space. 

(2) A subset of a Cat(A;) space is Cat(A;) if and only if it is convex. 

(3) In a CaX{k) space, a ball of diameter less than Dk is a Cat(A;) space. 

(4) A metric simplicial graph is a Cat (A;) space if and only if it does not contain 
an essential loop of length less than 2D}.. 

(5) An R-tree is Cat (A;) for every k. 

There are a number of equivalent definitions of Cat (A;) spaces, some of which are 
conceptually less intricate, and a number of properties that we do not state in this 
paper. We refer the reader to [3] and also [5]. 

3. Barycenters. 

Given a complete Cat(A;) space {X,d), a subset P of X of diameter that is finite 
and less than -Dfc/4, and a bounded and non-negative function m : P — > M, we 
establish the existence of unique point that can be considered as the barycenter of P 
corresponding to the function u. Furthermore, we note that no continuity condition 
is imposed upon the function u. We will see that this barycenter has a number of 
useful properties. 

Lemma 1. Let xyz be a geodesic segment in M| such that r = d{x,y) < d{x, z) < 
Dk/2. Let w be in B{x,r) . Then d{y,w) < d{z,w) . 
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Figure 1. 

Proof. For each k an application of the law of cosines shows that Zxyw and Zxzw are 
acute. It follows that Zwyz is obtuse. Consider A{w,y,z). Then d{y,w) < d{z,w) 
as the greater side lies opposite the greater angle. □ 

Let X be a point in M|. Let r and s be any two positive numbers satisfying 
r < s < Dk/2. We note that when < no upper bound is imposed upon s. 
Define W = B{x,r), Y = {y \ d{y,x) = r} and Z = {z \ d{x,z) = s}. Let vr be 
the projection along geodesic segments of Z onto Y, and define f : W x Z ^ 'Rhj 
f{w, z) = d{w, z) — d{w, vr(z)). 

Lemma 2. The function f : W x Z ^ M., as defined above, has a minimum value 
denoted by mk{r, s), and nik^r, s) > 0. 

Proof. The set W x Z is compact. Since / is continuous, it has a minimum value. So 
there is a w in W and a. z in Z such that mfc(r, s) = f{w, z) = d{w, z) — d{w, t^{z)). 
By Lemma [T] mfe (r, s) > 0. □ 

Definition 2. Let X be a Cat(fc) space, and P be a subspace of X with diameter 
that is finite and less than DUA. Let u : P ^ be a bounded and non-negative real 
valued function from P to M..-^ Then define r„ = inf sup{u{p)d{x,p) \ p E P}. 

Lemma 3. Let X, P, u, and Tu be as in Definition^ If there exists two distinct 
points pi and p2 in P such that u{pi) > and u{p2) > 0, then r„ > 0. 

Proof. Let x be an arbitrary element of X. Without loss of generality, we may assume 
that (i(a;,pi) > d{pi,p2)/2. Thensup{u{p)d{x,p) \ p E P} > min{u{pi),u{p2)}d{pi,p2)/2. 
This inequality being true for each a; in X implies that r„ > 0. 

□ 

Let xi be a sequence in X with the property that lim sup{u{p)d{xi,p) \ p E P} = 

Vu- On account of the definition of r^, such a sequence exists. We estimate d{xi,p) 
for each p E P and for / sufficiently large. In that which follows, dia(P) will denote 
the diameter of P. 

Lemma 4. Let X , P, u, and be as in Definition \^ Let xi be a sequence in X 
with the property that lim sup{u{p)d{xi, p) \ p G P} = r„. For every e > there 

l—*oo 

exists a number N > and a p' in P such that if I > N then d{xi,p') < dia(P) + e 
and, for every p E P, d{xi,p) < 2dia(P) + e. 



""^We assume that u is not identically 0. 
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Proof. Let e > and set b = sup{u{p) \ p G P}. Since -u is a bounded function, 
b < oo. Set dia(P) = r. Pick p in P. Then r„ < sup {u{p' ) d{p' , p) \ p' G P} < br. 
Since b = sup{u{p) | p G P} there exists a p' in P such that u{p'){r + e) > br > Tu- 
If for each > there were to exist an / > such that d{xi,p') > r + e, then 
sup{u{p)d{xi,p) I p G P} > u{p'){r + e) > r^- This is contrary to the fact that 
hm s\xp{u{p)d{xi,p) \ p G P} = Therefore there exists an > such that if 

Z— >oo 

I > N then d{xi,p') < r + e = dia(P) + e. An apphcation of the triangle inequahty 
completes the proof. □ 

Lemma 5. Let X , P, u, and r„ he as in Definition Suppose that z is in X, r 
is positive and P is a subset of B{z,r). Then there exists a subset P' of P and a 
number a > with the following properties: a = inf{u(p) | p G P'} and for x in 
B{z,r), sup{u{p)d{x,p) \ p G P'} = sup{u{p)d{x,p) \ p & P} > r^- Furthermore, 
for X in B{z, r) and p E P — P' , u{p)d{x,p) < r^. 

Proof. Choose a so that < a < ru/{2r + 1). Set P" = {p G P | u{p) < a} and 
P' = P — P". Then for each x in B{z,r) and p in P", u{p)d{x,p) < 2^^2r < r^. So 
for X in B{z,r), sup {u{x)d{x,p) \ p G P'} = sup{u{x)d{x,p) \ p E P} > r^. □ 

Theorem 1. Let {X,d) be a complete Cat(A;) space, and let P be a subset of X 
with diameter less than Dk/4:. Let u : P ^ be a bounded non-negative function 
defined on P. Then there is a unique Qu in X such that sup{u{p)d{qu, p) | P G P} = 
inf sup{u{p)d{x,p) | p G P}. 

X 

Proof. Let dk be be a real number such that dia(P) < dk < Dk/4:. Let {xi} be a 
sequence in X such that Urn sup {u{p)d{xi,p) | p G P} = r^. We show that this 

l—*oo 

sequence is Cauchy. 

By Lemma |4] there exists an A^ > such that if / > A^, then, for every p in P, 
d{xi,p) < 24. 

Choose a p' in P. By Lemma [S] there exists an a > and a subset P' of P 
such that a = m{{u{p) \ p G P'} and for every x in B{p',2dk), and in particular 
every / > A^, sup{u{p)d{xi,p) \ p G P'} = sup{u{p)d{xi,p) \ p G P}. Therefore, 
lim sup {u{p)d{x I, p) \ p G P'} = r„. So it is sufficient to use P' rather than P to 

Z— >oo 

verify that the sequence {xi} is Cauchy. Toward that end, let e > and pick a c in 
Ml 

For k > set s = Dk/2 — 2dk and choose 5 > so that 

1) 6/a < s/4, and 

2) if ru/u{p) < 2dk + s/4, then a geodesic segment in the annulus 

T = {x G I ru/u{p) — 5 /a < d{c,x) < ru/u{p) + 5 /a} has length less than e/2 
. Applying the definition of dk and s, we see that 
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2dk + s/4 = 2dk H — = Sdk/2 + Dk/8 < Dk/2. So we can make the above 

claim on the length of geodesies in T. 

For the case when A; < 0, choose 5 > so that a geodesic segment in the an- 
nulus T — {x e Ml I ru/u{p) — S/a < d{c, x) < ru/u{p) -\- 5/a\ has length less than 
e/2. We may do so since {ru/u{j)) \ p E P'} is bounded above. 

From the definition of r„ and the definition of the sequence {xi} there exists an 
M > N such that if / and /' are greater than M then 

3) < sup{u{p)d{xi, p) I p G P'} < ru + S and r„ < sup{u{p)d{xii , p) \ p G P'} < 

Suppose that / and /' are greater than M. Let m be the midpoint of the geodesic 
segment xix'i. For p' e P' consider the geodesic triangle A{p' ,xi,x'i). On account 
of the definition of dk and the fact that both I and I' are greater than A'^, we have 
d{xi,p') < 2dk < Dk/2 and d{x'i,p') < 2dk < Dk/2. By the triangle inequality, 
d{xi,x'i) < Dk- So the perimeter of A{p' ,xi,x'i) is less than 2Dk. Thus there is a 
comparison triangle A{c,xi,x'i) in M|. 

Let mp'ii' be the midpoint of the geodesic segment xix'i- Suppose that for each 
p' e P', u{p')d{c, nipiui) < Tu — S. Then by the Cat (fc) inequality ci(p', m) < Vu — S 
for each p' G P'. It follows that sup{u{p')d{p' , m) \ p' E P'} < r„. This is contrary to 
the definition of r„. So there must exist a p in P' such that when one considers the 
comparison triangle A{c,xi,x'i), u{p)d{c, mpu') > r^, — 5. For that which follows set 
mpiii — fh. From the inequality above d{c,fh) > ru/u{p) — 5/u{p) and by definition 
of a, S/u{p) < S/a. Therefore 

4) d{c,fh) > ru/u{p) — S/a. 

Consider the case A; > 0. Since d{c,xi) < 2dk < Dk/2 and d{c,x'i) < 2dk < Dk/2, 
it follows that d{c,m) < 2dk . So by 4) 2dk > ru/u{p) — S/a, from which it follows by 
1) that ru/u{p) < 2dk + s/4. Therefore the supposition of statement 2) is satisfied. 
So for k > 0, geodesies in T have length less than e/2. For the case k < 0, we have 
the apriori condition that geodesies in T have length less than e/2. 

From 3) u{p)d{xi,p) < Tu + S and u{p)d{x\,p) < + 5. So 

d{xi,p) < ru/u{p) + S/u{p) < ru/u{p) + S/a. Therefore d{xi,c) < ru/u{p) + S/a 
and similarly d{x'i, c) < ru/u{p) + S/a. 

As fh is the midpoint of Xix'i, it follows that d{c, fh) < d{c, xi) or d{c, fh) < d{c, x'j). 
So d{c,fh) < ru/u{p) + S/a. 

This together with 4) implies that rh E T. Without loss of generality, we may 
assume that d{c,fh) < d{c,xi). Thus xi G T. So the geodesic segment fhxi lies in T 
and, consequently, has length less than e/2. So the length of the geodesic segment 
xix'i is less than e. It follows that if / and /' are greater than M, then d{xi,x[) < e. 
So {xi} is a Cauchy sequence. Since X is complete the sequence converges to some 
Qu in X. 
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If {yi} is another sequence for which hm svLp{u{p)d{yi,p) \ p G P'} = r„ then by 

>oo 

interlacing this sequence with {xi} we see that this new sequence also converges to 
qu- So qu is the unique point in X for which = sup{u{p')d{qu, p') \ p' E P'}. This 
completes the proof. 

□ 

For arbitrary u, r„ is called the baryradius of P relative to u, and g„ is called the 
barycenter of P relative to u. When u = 1, the baryradius of P relative to u is 
called the circumradius of P and is denoted by ri, and the barycenter of P relative 
to u is called the center of P and is denoted by qi . Theorem [T] for this case can 
be reformulated as follows: there exists a unique smallest closed ball containing P, 
the radius and center being ri and qi, respectively. This result has been known for 
some time; see ([3], Prop 2.7, P.179) for a proof. Furthermore, in this case, the -Dfc/4 
condition can be replaced by Dk/2. To what extent this is so for other cases is not 
known to this author. The proof of Proposition 2.7 in [3] motivated the proof of 
Theorem [T] 

Let {X, d) be a Cat(A;) space and P be a subset of X of diameter less than D^/A. 
Let n : P ^ M be a non- negative bounded real valued function. Choose A > 0. Let 
m' : P ^ M be the function defined by setting u' = \u. Then 



Tu' = mfsup{Xu{p)d{x,p) \ p E P} 

X 

= Ainf sup{u{p)d{x,p) \ p E P} 

X 

= Xsup{u{p)d{q,p) \ p e P} = Xr^, 
We have established the following corollary. 

Corollary 1. Let {X,d) be a Cat(fc) space and P a bounded subset of X of diameter 
less than Dk/4:. Let u : P ^ M. be a non-negative bounded real valued function. Let 
A > and set u' = An. Then r^/ = Ar„ and the barycenter of P relative to u' is the 
same as the barycenter of P relative to u. 

Later, we make use of the following obvious fact. 

Corollary 2. Let {X,d) be a Cat(A;) space and P a bounded subset of X of diameter 
less than D^/A. Let u : P ^ be a non-negative bounded real valued function. If P' 
is a subset of P and u = on P — P' , then the barycenter of P relative to u is the 
same as the barycenter of P' relative to u. 
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Figure 2. 

Example 2. Let P = {1, 3, 4} C M. Set u{l) = 1, u{3) = 4 and m(4) = 3. Then the 
barycenter of P relative to u is x = 13/4, the x-coordinate of the lowest point on the 
graph of max{|a; — 1|, 4|x — 3|, 3|a; — 4| | a; G M}. 

Example 3. Let P = [0, 1] C M and m : P — > M 5e defined by u{x) = x"^ . Then an 
easy calculation shows that the barycenter of P relative to u is x = 0.894 to three 
decimal places. 

Proposition 3. Let (X, rf) be a Cat(A;) space, P a bounded subset of X of diameter 
less than -Dfc/4. Let u : P ^ be a non-negative bounded real valued function. 
Suppose that x is in X and P C B{x,r) where r is less than Dk/2. Then the 
barycenter Qu of P relative to u lies in B{x,r). In particular, if r = ri is the 
circumradius of P and x = qi is the circumcenter of P, then qu is in B{x,r). 

Proof. Suppose that qu is not in B{x, r). Set d{x, qu) = s. Let p be in P and consider 
the geodesic triangle A(p, x, qu)- It follows from Lemma |4] and the triangle inequality 
that its perimeter is less than 2Dk. So there is a comparison triangle A{p,x,qu) in 
M^. Let y be the point on the geodesic segment xg„ that satisfies d{x,y) = r, and 
y the corresponding comparsion point on xqu- Set d{x,qu) = s. By Lemma |2] there 
exist a positive number mfc(r, s) such that 

dip, Qu) - d{p, y) > mfe(r, s). 

So 

dip, y) < d{p, qu) - mfc(r, s). 

By the Cat (A;) inequality, 

dip, y) < d{p, (ju) - TUkir, s) = d{p, qu) - mfc(r, s). 
Therefore, for each p in P 



uip)dip, y) < uip)dip, qu) - M(p)mfc(r, s). 
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By Lemma [S] we may assume that there exists a subset P' of P, and an a > such 
that a = mi{u{p) \ p G P'} and, for p in P — P', u{p)d{y,p) < r^, and 

(1) snp{u{p)d{y,p) \ p E P'} > r„. 

Then for each p in P' 

u{p)d{p, y) < u{p)d{p, Qu) - u{p)mk{r, s) < u{p)d{p, g„) - amk{r, s). 

So 

s\ip{u{p)d{y,p) \ p e P'} < Tu - arukir, s) < r„, 



contradicting (1). So g„ is in B{x,r). The second statement of the proposition 
follows immediately. 

□ 

Let qi be the circumcenter of a bounded set P in M". Let be the barycenter of 
P relative to m : P — M. It follows from the proposition above and Jung's Theorem 

I Tl 

that d(qu,qi) ^ . —, rdiameter(P). Analogous results can be established for 

Y 2[n + 1) 

general Cat(/c) spaces by using the above proposition and estimates due to Lang and 
Schroeder W: 



Proposition 4. Let P be a bounded subset in C , a closed convex subset of a complete 
Cat(O) space X and let u : P ^ be bounded non-negative function from P to M.. 
Then the barycenter of P relative to u lies in C. 

Proof. Let x be in X — C, p be in P and Ti{x) be the point in P such that (i(a;, P) = 
(i(x,7r(a;). Then by ([3], Proposition 2.4, P.176) the Alexandroff angle Z^a;(a;,p) > 
7r/2. The result follows by applying ([3], Proposition 1.7, P.161) to an appropriate 
comparison triangle. 

□ 

It follows from the Proposition above, by setting P = C, and Example [ij Part 2, 
that the barycenter is an intrinsic property of bounded Cat(O) spaces. 

Lemma 6. Let P and X be two non-empty sets and let w : X x P and 
: X X P — > M 6e two non-negative bounded real valued functions. Set = 
inf sup{w{x,p) \ p E P} and r^' = inf sup{w'{x,p) \ p G P}. If for each x in X and 

X X 

each p in P , \w{x^p) — w\x,p)\ < 5, then \rw — r^i\ < 5. 

Proof. Since both w and w' are bounded functions and r^i are finite. Pick 5i > 0. 
As = inf sup{w{x,p) \ p G P}, there exists an x in X such that sup{w{x,p) \ p G 

X 

P} < i^w + ^1- For p in P, w'{x,p) < w{x,p) + 6. So 
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r^/ < sup{w' {x,p) I p G P} < sup{w{x,p) \ pEP} + S<ru, + S + 6i 

This being true for each 6i > 0, it follows that r^/ < + 6. By reversing the role of 
w and w' above, we conclude that < r^„/ + 6. So jr^u — r^'l < S. 

□ 

Definition 3. Let {X,d) be a metric space, let P be a non-empty subset of X and 
let 6 > 0. Then a 6 -function, denoted by fs, is a function from P to X such that 
d{p, fs{p)) < for every p in P. 

Next we show that if the points P' are sufficiently close to P and the function u' is 
sufficiently close to u, then the barycenters and baryradii of the respective sets and 
functions will be close. 

Theorem 2. Let X be a complete CaX{k) space and let P be a subset of X with 
diameter less than Dk/4:. Let u : P —>■ M. and u' : P be non-negative and 

bounded real valued functions. Let Qu be the barycenter of P relative to u, and let r„ 
be the baryradius relative to u. Let qu' be the barycenter of P relative to u' , and let 
Tu' be the baryradius relative to u' . 

(1) For every e > 0, there exists a 5 > Q such that if \u{p) — u'{j>)\ < 5, for every 
p in P , then jr^ — r^/l < e. 

(2) Given u and e > 0, there exists a 5 > such that if \u{p) — u'{j>)\ < 5, for 
each p in P, then d{qu, qu') < e. 

(3) Given u and e > 0, there exists a 5 > Q so that if fs is a 5-function from P to 
X, then the barycenter of P relative to u and the baryradius of fs{P) relative 
to are within e of qu and Vu, respectively. 

Proof. By Proposition [sj both qu and g^' are in -B(gi, ri) where ri is the circumradius 
of P and qi is its circumcenter. So 

(1) Tu = inf sup{M(p)(i(a;,p) | p G P} = inf sup|u(p)(i(x,p) | p G P} 

^ a;6-B{i3i,ri) 

and 

(2) Tu' = inf sup{'u'(p)(i(x,p) \ p E P} = inf su\)\u {p)d{x,p) \ p G P}. 



^ Here we assume that u{p') — sup{u(p) | fsip) = p'}- 
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Part 1. Let e > e' > 0. Set 6 = e'/2ri. If \u{p) — u'{p)\ < 6 for every p in P, then for 
every p in P and x G B{qi,ri), 



e' 



\u(p)d(x,p) — u'(p)d(x,p)\ = \u(p) — u'(p)\d(x,p) < — 2r = e'. 

2r 

By (1),(2) and Lemma |6l jr^ — ru' \ < e' < e. This completes the proof of Part 1. 



Part 2. Choose e > 0. Set D = B{qi,ri) — B{qu,e) and 

(3) s = inf sup{u{p)d{x,p) \ p G P}. 

By the uniqueness of g„, s — r„ > 0. Set 

(4) 6<{s- r„)/4ri 



and suppose that \u{p) — u'{p)\ < 5 for each p in P. Then for each x in -B(gi, ri) and 
each p in P, 

— 'u'(p)(i(x,p)| = \u{p) — u'{p)\d{x,p) < 2Sri. 

By Lemma |6] 

I inf sup {u{p)d{x,p) | p G P} — inf sup{u{p)d{x,p) | p G P}| < 2Sri; 
SO by (3) 

(5) \s — inf sup{u {p)d{x,p) \ p G P}| < 26ri. 
Also by Lemma |6| 

I inf sup {u{p)d{x,p) | p G P} — inf sup{u'{p)d{x,p) | p G P}| < 26ri, 

or 

(6) \ru — inf sup {u'{p)d(x,p) \ p G P}| < 2Sri. 

x&B(qu,e) 

By 5) 
and by 6) 



s — 26ri < inf sup{u {p)d{x,p) \ p G P}, 



xeD 



inf sup{u' {p)d{x,p) \ p G P} < + 2(5ri. 

xe-B(g„,e) 

By 4) 

Vu + 26ri < s — 26ri, so 

inf sup {u {p)d{x,p) \ p G P} < inf sup{u{p)d{x,p) \ p G P}. 

Therefore Qu', the barycenter of P relative to u', is in B{qu,e). This completes the 
proof of Part 2. 
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Part 3. Let e > and set D = B(qi,ri) — B{qu,e). By Corollary [l| we may assume 
that \u{p)\ < 1 for each p in P. Set s = inf sup{u{p)d{x,p) \ p G P}, and choose 6 

SO that 

(7) s-r^> 26. 

Suppose that fs is a (5-function. Then for each x in X and each p in P, 

\u{p)d{x,p) - u{p)d{x, fsip))] < 6- 

Then by Lemma [6] 

I inf swp{u{p)d{x,p) | p G P} — inf sup{u{p)d{x, fsip)) \ P ^ P}\ ^ 

So 

(8) \s — inf sup{u{p)d{x, fs{p)) \ p G P}\ < S. 
Also by Lemma |6] 

I inf svLp{u{p)d{x,p) \ p E P} — inf sup{u{p)d{x, fsip)) | p G P}| < 6, 

x&B{q^,t) x&B{qu,e) 

or 



(9) |r„ - inf sup{u{p)d{x, fs{p)) \ p E P}\ < S. 

xeB{qu,e) 

Therefore, 

s — 6 < inf svip{u{p)d{x, fs{p)) | p G P} 

x£D 

and 

inf sup{u{p)d{x, fs{p)) \ P G P} ^ + S. 

By 7) + (5 < s — (5. Therefore the barycenter of fs, relative to fs{P), is in B{qu, e) 
and this completes the proof of the first half of Part 3). The argument for the last 
half is essentially the same as the proof of Part 1) and will be omitted. □ 

Suppose that {Xn} is a uniformly bounded sequence of complete Cat(O) spaces 
that converge to the complete Cat(O) space X. We will define what it means for a 
sequence of uniformly bounded non-negative functions u„ : X„ — > M to converge to 
a non-negative function m : X — > M. Then we will show that lim g„ = where g„ is 

n— >oo 

the barycenter of X„ relative to m„ and is the barycenter of X relative to u. 
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Let X be a subset of a metric space Z. Then Uf_{X) = {-2 G Z\d{z,X) < e} is 
called the e-neighborhood of X in Z. 

Let X and Y be subspaces of a metric space Z. Then (i//(X, F), the Hausdorff 
distance between X and Y, is defined by (i/^(X, F) = inf{e|X C U^iY) and Y C 
[/^(X)}. A 5-resolution R(X, F, 5) of X and Y, or resolution, consists of a metric 
space Z and isometrics ii : X ^ Z and ^2 : ^ ^ ^ such that dniiiiX), i2(Y)) < 6. 
• For X in X and y in Y we will identify x with and y with i2(l/)- We 
identify X with ii(X) and Y with i2(^)- 

Let X and Y be metric spaces. The Gromov-HausdorfF distance between X and 
Y is given by dcniX, Y) = inf {5| R(X, Y, Z, 6) is a 5-resolution of X and F}. 

A sequence of metric spaces {X„} converges to a metric space X provided that 
lim dGH{Xni X) = 0. For more information about the Gromov-Hausdorff metric, see 

n— >oo 

mM)- 

For each natural number n, let u„ : X„ M be a real valued function defined 
on metric space X„ and let m : X — > M be a real valued function defined on metric 
space X. We say that converges to u provided the following two conditions are 
satisfied. There exists a sequence of resolutions R(X„, X, 5n) such that lim 5n = 

0, and for every e > 0, there exist an X > such that if n > X, x„ G X„ C Zn, 
X E X C Zn and d{xn,x) < 6n, then d{un{xn),u{x)) < e. Implicit in this definition 
is the fact that X„ converges to X. 

For each natural number n, let g„ be a point in the metric space X„ and let q be 
a point in the metric space X. Then we say that the sequence {qn} converges to q 
provided that the following two conditions are satisfied. There exists a sequence of 
resolutions R(X„, X, Zn, (5„) such that lim 6n = 0, and for every s > 0, there exists 

an X > such that if n > X then the ball B{q, s) in Z„ contains g„. 

Lemma 7. LetX and Y be bounded metric spaces such that b = max{(im(X), dia{Y)} 
Let / : X ^ M and g : Y be non-negative real valued functions such that 

m = max{sup/(x), sup(7(?/)}. Let Ii{X,Y, Z,6) be a 6-resolution of X and Y and let 

X y 

e be a positive number. Assume that if x is in X, y is in Y and d{x,y) < 6, then 
\fix)-g{y)\ < e. 

If X and x' are in X, y and y' are in Y so that d{x,y) < 6 and d{x',y') < 6, then 
g{y')d{y, y') -6' < f{x')d{x, x') < g{y')d{y, y') + 5', where 6' < 26m + eb + 26e. 

Proof. Several applications of the triangle inequality imply that d{y, y') — 26 < 
d{x,x') < d{y,y') + 26. Since d{x,x') > there exists 6" = 6"{y,y') < 26 such 
that 

1) < d{y, y') - 6" < d{x, x') < d{y, y') + 26. 
Since - g{y')\ < e. 
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2) g{y')~e<f{x')<g{y') + e. 
It follows from 1) and 2) that 

{g{y') - e){d{y,y') - 5") < f{x')d{x,x') < {g{y') + t){d{y,y') + 25) 
So 

g{y')d{y, y') - {5"g{y') + ed{y, y') - e6) < fix')d{x, x') < g{y')d{y, y') + {25g{y') + 
ed{y,y') + 25e). 

To complete the proof, set 5' = 26g{y') + ed{y,y') + 26e which is equal to or less 
than 25m + eb + 26e. 

□ 

We define a sequence of metric spaces to be uniformly bounded if there exists 
a positive number b such that the dia{Xn) < b for each n, and we define a sequence of 
real valued functions : X„ — >• M to be uniformly bounded if there exists a positive 
number m such that sup{|'U„(x)| \x G X„ andn G N} < m. 

Theorem 3. Suppose that X„ is a sequence of uniformly bounded complete Cat(O) 
spaces that converge to the complete Cat(O) space X , and Un '■ Xn — M «s a sequence 
of uniformly bounded non-negative functions that converge to the non-negative func- 
tion ti : X — > M. Then lim Qn = Qu where g„ is the barycenter of Xn relative to Un 

n— >oo 

and Qu is the barycenter of X relative to u. 

Proof. By the remark following Proposition |4] the barycenter of each X^ and X is 
independent of the ambient space. Consider _B(g„,2s), the open ball in X of radius 
2s centered at q^- Let 6 be a uniform bound on the spaces X„ and let m be a uniform 
bound on the functions Un- Let 

r = inf sup{M(x')(i(a;, x') | x' G X} — r^, where r„ = inf sup{n(x')(i(a;, a;') | 

x' G X}, the baryradius of X relative to u. 

The barycenter being unique implies that r > 0. Since u„ converges to m, there 
exists a sequence of resolutions R(X„, X, Z„, 5„) such that lim 5„ = 0. Choose a 

n— +00 

positive e so that e < min {r/4, r/46}. Let t < s/2 be chosen so that if x is in 
B{qu,t) then svLpu{p)d{x,p) \< r„ + r/4. Furthermore, we can pick an X > such 
that 

1) if Xn G Xn C Zn, X G X C Z„ and d{xn,x) < 5„, then |m„(x„) — ^(x)! < e, 

2) (5„ < t, and 

3) 26m + eb + 2e6 < r/4. 

By 1), 3) and Lemma [T] we may assume that if x„ and x'n are in X„, x and x' are 
in X, (i(x„,x) < 5„ and (i(x'„,x') < 5„, then 

4) u{x')d{x, x') — r/4 < M„(x'„)(i(x„, x'„) < 'u(x')(i(x, x') + r/4. 
From the definition of a resolution, we have 

5) dniXn.X) < 5n. 
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So there exists an Xn in X„ such that (i(x„, g„) < 5n < t. Pick an arbitrary x'^ in 
Xn- Again by 5) there exists an x' in X such that d{x'^^x') < 5n- Therefore by 4) 
Un{x'^d{xn,x'^ < u{x')d{qu, x') + T / A < Tu + T / A. Therefore, by the inequahty in 4) 
with n > N, we have 

6) Xn is in B{qu,s) and sup {u{x'^)d{xn,x'^)} < + r/A. 

Now suppose that Zn G X„ — B{q,2s). By 5) there exists a 2; in X such that 
d{zn, z) < 6n < t. On account of the definition of t, we conclude that z is not in 
B{qu, s). So there exists a z' in X such that u{z')d{z, z') > r^ + r. By 5), once again, 
there is an x'^ in X„ such that d^x'^, x') < 5„. 

By the first inequahty in 4) and the inequahty above r^ + r — r/4 < u{z')d{z, z') — 
r/A < Un{z'^)d{zn,z'^). Therefore, 

snp{un{z'Jd{zn, <} > r„ + 3/4r. 

Since Zn was an arbitrary point in X„ — i?(g„,2s), it follows from 6) and the 
inequality above that g„ is in B{qu,2s). Therefore, lim g„ = q^. 

n— >oo 

□ 

More can be said about the sequence {g„}. Let r > 0. It is easy to see that 
dGH{B{qn,r),B{qu,r)) < dHiB{qn,r), B{qu,r)) < d^q^, qu)+25n. Since lim<i(g„, g„) + 25„ = 

n— >oo 

0, it follows that the pointed sequence {Xn,qn) converges to {X,qu) (See P. 76, [3]). 

As in Definition[2| let X be a Cat(A;) space, and P be a subspace of X with diameter 
that is finite and less than Dk/4:. Let m : P — >■ M be a bounded and non-negative 
real valued function from P to M. Let t > and for each x in X define r(x) = 
sup{u{p)d{x,py I p G P}. Set = ini sup{u{p)d{x, pY \ p E P}. Then r(x)^/* = 

X 

sup{u{pY^^ d(x , p) I p E P} and r„i/t = inf{r(x)^/*} = inf snp {u^^^{p)d(x,p) \ p E P}. 

X X 

By Theorem [1] there exists a unique g in X such that r^i/t = snp{u{py^^d{q, p) \ p E 
P}. It follows that r* = (r„i/t)* = sup {u{p)d{q,py \ p E P}. Thus we see that the 
distance function d{x,y) in Theorem [l] can be replaced by d(x,yy where t is any 
positive number. Furthermore, the properties of the barycenter carry over to this 
more general environment. 

A barycenter, also called the center of mass, is defined in a slightly different manner 
in ([S], P. 334), and this definition is equivalent to the definition of center of mass, 
with Dirac measure, in [12]. When compared to the definition in this paper, sum 
replaces supremum. Their definition provides a more sensitive, but less general 
concept. 

4. Applications 

Let / : X — > X be a function from X to itself. An element x in X is a fixed point 
of / provided that f{x) = x. The circumcenter has been used to establish fixed 
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points of isometries in Cat(O) spaces ([3], P.179). There is also a connection between 
fixed points and barycenters. 

Proposition 5. Let P be a bounded subset of a Cat(O) space X and let f : X X 

be an isometry that is invariant on P. If u : P ^ M. is a bounded function such that 
f{u{p)) = u{p) for each p in P, then the barycenter of P relative to u is a fixed point 
off. 

Proof. Let be the barycenter of P relative to u. The proof follows immediately 
from the fact that sup{M(p)(i(g„,p) | p G P} = sup{M(/(p))(i(/(gt(), f{p)) | p G P} and 
the uniqueness of the barycenter. 

□ 

A similar proof establishes the next proposition. 

Proposition 6. Let X be a Cat(O) space and let T be a group of isometries acting 
on X . Let P be a bounded set of orbits and let u : P ^ be a bounded function 
such that u{p) = u{p') when p and p' are in the same orbit. Then the barycenter of 
P relative to u is a common fixed point of T. 

And similar results can be formulated in Cat (A;) spaces. 

Let {Y, d) be a metric space and X be subset of Y . Then X is a retract of Y if 
there exists a retraction / of y onto X. That is a continuous function f -.Y ^ X 
such that f{x) = x for every x in X. 

Let {X, d) be a metric space. Then X is an absolute neighborhood retract (ANR) 
if and only if for every embedding, that is a homeomorphism, h of X into a metric 
space y as a closed subspace, there exists an open neighborhood U of h{X) in Y 
and a retraction f of U onto h{X). If it is always possible to choose the retraction 
from Y to h{X), then X is called an absolute retract (AR). The reader is referred 
to [21 El E] for a detailed development of this subject. We will make use of the 
following two theorems. 

Definition 4. Let [X, d) be a geodesic metric space. If for each x in X there exists 
an > such that the the ball B{x,rx), with the induced metric, is a Cat(/c) space, 
then X is said to be of curvature < k. 

It follows from a theorem of Hu ([TT],IV,Thm 4.1) that a complete space of cur- 
vature < /c is an absolute neighborhood retract ([^ P.209-210;[6], Remark 4.2). We 
give a different proof using barycenters. 

Theorem 4. (Arens-Eells) Every metric space can be isometrically embedded as a 
closed subspace of some normed linear space. 

See P.597) for a proof of this result. For a proof of the following theorem see 
(0, P.164, P.280). 
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Theorem 5. 

a) A metric space {X,d) is an AR if and only if there exists an embedding h of X 
into a normed linear space N and a retraction r : N ^ h{X) of N onto h{X). 

b) A metric space {X,d) is an ANR if and only if there exists an embedding h 
of X into a normed linear space N , a neighborhood U of h{X) and a retraction 
r:U^ h{X) of U onto h{X). 

The next lemma can be found in the body of the proof of the Dugundji extension 
theorem (0, P.163-164). 

Lemma 8. Let X be a closed subspace of a metric space (F, d). Suppose that x and 

z are in X, and y and v are inY — X. Suppose that y is an element of B(v, 5^^^^^) 
and d{v, z) < 2d{v, X) . Then d{x, z) < 6(i(x, y) . 

Proof. Several applications of the triangle inequality yield 

d{x,z) < d{x,y) + d{y,v) + d{v, z) 

< d{x,y) + ^^^ + 2d{v,X) 

5 

< d{x,y) + -d{v.X) 

Now 

d{v, X) < d{v, y) + d{y, X) < d{y, x) + d{y, x) = 2d{y, x). 
Therefore, d{x,z) < 6d{y,x). 

□ 

Let {X, T) be a topological space and let IX be an open cover of X. Then V is an 
open refinement of IX provided that V is a cover of X consisting of open sets, and 
each in V is a subset of some member U of IX. Now V is a neighborhood finite 
open refinement of 11 provided that V is an open refinement of U and, for each x in 
X, there exists a neighborhood N{x) of x that meets only finite many ^'s in V. If 

y4 is a subset of X then the star {A, V) = |J {V \ \^ fl A 7^ 0}. Then V is an open 

vev 

star refinement of IX provided that, each member of V is an open subset of X, and 
{star(V, V) I G V} is a refinement of IX. If X is a metric space, then every open 
cover of X has a neighborhood finite open refinement and an open star refinement 
as well. See ([3, P. 167-168). 

Although Theorem |6] that follows is a consequence of Theorem [7| we give an 
independent proof which is essentially the same as Dugundji's proof of his extension 
theorem ([8], P.163-164) with convex sums replaced by barycenters. 

Theorem 6. Let {X,d) be a complete Ca.t{k) space with k < 0. Then X is an 
absolute retract. 
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Proof. By Theorem |4] we may assume that X is a closed subspace of a normed hnear 
space N, and the distance function d{x, y) on X agrees with the norm metric on X. 

Cover N -X with the set of open balls S = {B{y, d{y, X)/2) \ yeN-X}. Let 
C = {V\ I A G r}, where F is an index set, be a neighborhood finite open refinement. 

For each Vx, choose a ball B{vx,d{vx,X)/2) that contains Vx, and also choose an 
xx in X such that the distance from vx to xx is less than 2d{vx,X). 

Choose the partition of unity corresponding to 6 defined by 

ux{x) = ^ for each A in F. 

We define the retraction f : N ^ X a.s follows. If x is in X then f{x) = x. Suppose 
that y is not in iV — X. Let {Va^, . . . , Vx^} be those members of C that contain y. 
Set f{y) equal to the barycenter of xa^, . . . ,xx„ relative to {uxj^{y), ■ ■ ■ ,ux„Xy)} 
given by Theorem [TJ 

Let e > 0. Suppose y isin N — X. Since C is a neighborhood finite open refinement 
of B there is a neighborhood N{y) of y that has non-empty intersection with only 
a finite number of members of C. Choose the neighborhood so that if V is in C and 
V n N{y) 7^ then y is in V. Let Vx^ , • • • , Vx„ be those members of C whose closures 
have non-empty intersection with N{y). 

If y' is in N{y), then it follows from the definition of / and Corollary [2] that f{y'] 
is the barycenter of {xx^, ■ ■ ■ , xx„} relative to {ux^{y'), ■ ■ ■ , u\„{y')}- By Theorem^ 
Part 2, there exists a 5' > such that if \uxXy) ~ '^Xi{y')\ < for each i in [nF 
then the barycenter relative to {uxj^{y'), ■ ■ ■ ,ux„{y')} is within e of the barycenter 
relative to {uxj^{y), ■ ■ ■ ,ux„{y)}. Since the members of the partition of unity are 
continuous, there exists a 6 > such that if d{y,y') < S then, for each i in [n], 
\uXi{y) ~uxi{y')\ < 5' ■ That is for this choice of 5, if d{y,y') < 6, then d{f{y), f{y') < 
e. So / is continuous at y. 

Now suppose that x is in bd(X) the boundary of X. Let y be in B{x,6) — X 
where 6 < e/6. Suppose Va^, . . . ,Vx^ are those members of C that contain y. By 
Lemma [s] each xx^ is in B(x, e). By Proposition |3] the barycenter of xx^, ■ ■ ■ , xx^ 
relative to {uxj^{y), ■ ■ ■ ,ux^{y)} is in B{x,e). Therefore, f{y) is in B{x,e). Thus / 
is a continuous retraction of X onto X. By Theorem |6| Part a), X is an absolute 
retract. 

□ 

Theorem 7. Let {X,d) be a complete metric space of curvature < k. Then {X,d) 
is an absolute neighborhood retract. 
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Proof. As in the proof of Theorem [6] we may assume that X is a closed subspace of a 
normed hnear space N, and the distance function d{x, y) on X agrees with the norm 
metric on X. 

Let dk/4 be a positive number less than D^/A. About each point x in bd(X), 
the boundary of X, select an open ball B{x,Sx) such that Sx < dk/A- From the 
definition of curvature < k and Example [l| Part 3, we may assume that B{x, Sx) HX 
is a Cat(fc) space. Let W = XU |J B{x, s^/18). Then W is an open subset of N 

x&d{X) 

containing X. 

Let S = {-B(a;, Sa;/18) — X | x G hd{X)^. Let C be an open star refinement of !B. 
For each y 'mW — X choose a member Uy of C that contains y. Then choose a ball 
B{y,ry) C Uy such that Vy < d{y,X)/2. Set D = {B{y,ry) \yeW-X}. Let £ be 
a neighborhood finite open refinement of D. For each in £ choose a B{y, Ty) in D 
such that V C r-y). Then choose an in X such that xy) < '^diy, X). We 
define a partition of unity as follows. For each \^ in £ define 

d{y,N-V) 

uv[y) 



Y.d{y,N-V') 



Next we define a retraction f : W X. Of course /(x) = x for a; in X. Let y 
be in IV — X. Since £ is a neighborhood open finite refinement of D, there exists a 
neighborhood Niy) of |/ and finitely many members . . . Va„ of £ such that 

• if \^ is in £, then N{y) fl \^ 7^ if and only \iV = Va-, for some i G [n], 

and 

• ?/ is in V\- for each i. 

For each i G [n] let B{y\-,r\.) be the ball in D associated with Va, and let ^/a^ 
be the member of C chosen to contain B{ii\.,r\^). Then Va. C B{yx^,rxJ C ^/a^. 
Since £ is a cover of IV — X at least one Va,, say Va^, contains y. Therefore U\-^ 
contains y. Since C is a star refinement of B, there exists a B{x,Sx/^8) such that 
U C IJ Ux- C B{x, Sx/lS). Let Xv3^ be the point in X associated with Va^, 

i G [n]. From the definition of the Xy^ and Lemmajsj (i(x,xv3^ ) < ■s^^/S. Therefore 
each xy^, is in B{x,Sx/S) and dia {xy_^^ , . . . , xy^^ } < 2sx/S < dk/4:. Since B{x,Sx) 
is a Cat(/c) space, we define f{y) to be the barycenter of {xy^^, . . . ,xv^^} relative 
to {uv^_^{y), ■ ■ ■ ,uv^^iy)}- Theorem [l] guarantees that f{y) exists and is unique. An 
application of the triangle inequality shows that, for i G [n], if x' is in i?(xy^. , 2sx/'i), 
then x' is in B{x, Sx)- Therefore, for each i in [n], 



{xy,^ , . . . , Xy^^ } C B{xv^^,2sx/3) C B{x,Sx) 
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let Ti be the minimum value for which {xv^^ , • • • , xy,^^ } C B{xv^_^ Tj). 

C B{x,Sx)- Thus we have 



For i in [n] 

We conclude from Proposition 
shown that the definition of / 



that f{y) is in B{xv^.,Ti 
"y) is independent of the choice of B{x, s^)- 
If y' is in N{y) it follows from the definition of / and Corollary [2] that f{y') is 
the barycenter of {xv\^ , • • • , ^Vx^} relative to {mvaj {y')i ■ ■ ■ i '^Vx„ iv')}- By Theorem 
[2] (Part b) and the fact that the -uy, the members of the partition of unity, are 
continuous, we see, by essentially the same argument as in Theorem |6| that / is 
continuous at y. Now suppose that x is in bd(X). Let e > but require e to be less 
than Sx- From the definition of /, it is clear that there exists a 5i > such that if 
y is in B{x,5i) then /(y) is in B{x,Sx)- Choose 5 = min{5i,e'/6} where < e' < e. 
By Lemmajsjand Proposition sj if ?/ G B{x,S) then f(y) E B(x,e') C B(x,e). Thus 
/ is continuous at x and it follows that / is a retraction of Y onto X. By Theorem 
[5| X is an absolute neighborhood retract. □ 



Corollary 3. Let {X,d) be a Cat(/c) space with k > 0. Then X is an absolute 
neighborhood retract. 

The results above imply certain facts about extensions of maps into Cat(/i;) spaces 
and spaces of curvature < k. They also provide information about the fixed point 
theory of self maps of Cat (A;) spaces and spaces of curvature < k. See for example 

Next we consider multifunctions. Let X and Y be metric spaces. A multifunction 
from X to Y, denoted by (p : X —o Y, assigns to each x in X a subset of 
Y. A selection is a function f : X Y such that f{x) is in for each x. A 
multifunction (p : X ^ Y is lower semi continuous (l.s.c.) provided that for every 
open set U in Y, the set {x\(f){x) fl f/ 7^ 0} is open in X. We state the well known 
theorem of Michael in the metric space setting ([15], [IE], [17]. [T8].[9]). 

Theorem 8. Let X be a metric space and Y be a Banach space. Then a l.s.c. 
multifunction (p : X —o Y with closed convex values has a continuous selection. 

We formulate a similar theorem in the Cat(O) setting. 

Theorem 9. Let X be a metric space and Y be a Cat(O) space. Then a l.s.c. 
multifunction (p : X —o Y with closed convex values has a continuous selection. 

Of course convex here is in the geodesic sense. Applying barycenters in place of 
convex combinations, one finds that the proof of this theorem is essentially the same 
as the proof of Theorem |8] as given in ^ [TJ] . This result also follows from properties 
of geodesic and convex structures as given in [19] . 



22 



JACK E. GIROLO 



Finally we apply barycenters in constructing continuous functions defined on cer- 
tain quotient spaces of Cat(O) spaces. Suppose that X is a complete Cat(O) space 
and r is a group of isometrics of X whose orbits are all bounded. Let / : X — M 
be a positive valued, bounded and uniformly continuous function. Let F/X be the 
quotient space of orbits. For each orbit 0{x) in F/X, define F{0{x)) = 0{y) where 
y is the barycenter of the support of 0{x) in X relative to /. This defines a function 
F : F/X F/X and by Theorem [2| it is continuous. 
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